MOMENTS OF ZETA AND CORRELATIONS OF DIVISOR-SUMS:
STRATIFICATION AND VANDERMONDE INTEGRALS

SIEGFRED BALUYOT AND BRIAN CONREY

ABSTRACT. We refine a recent heuristic developed by Keating and the second author. Our
improvement leads to a new integral expression for the conjectured asymptotic formula for
shifted moments of the Riemann zeta-function. This expression is analogous to a formula,
recently discovered by Brad Rodgers and Kannan Soundararajan, for moments of charac-
teristic polynomials of random matrices from the unitary group.

1. INTRODUCTION

One of the most important problems in analytic number theory is to find an asymptotic
formula for the 2kth moment

T
MT) = [ Joth it a

of the Riemann zeta-function ((s), where k is an arbitrary positive integer. A folklore
conjecture suggests that, for some unspecified constant ¢y, we have My (T) ~ ¢, T (log T)**
as T — oo. To date, this is known only for k = 1,2, with ¢; = 1 and ¢, = 1/(27?) [22].
The problem is so intractable that, up until recently, there had been no viable guess for the
exact value of ¢;. The approach of using correlations of divisor sums leads to conjectures for
c3 and ¢4 [5, 6], and the process has recently been examined in close detail and made more
precise by Ng [19], Hamieh and Ng [15], and Ng, Shen, and Wong [20]. This approach seems
to fail, however, to give a reasonable guess for ¢, when k > 5 [6].

A breakthrough was made when Keating and Snaith [17] used random matrix theory to
predict the exact value of ¢, for all complex k with Re(k) > —1/2. Remarkably, their
predicted values of ¢ and ¢4 agree with the conjectures in [5] and [6]. The conjectures for
¢ for positive integers k& were then refined by Farmer, Keating, Rubinstein, Snaith, and
the second author [4] through a heuristic method called the recipe, which also applies to a
general family of L-functions. At about the same time, Diaconu, Goldfeld, and Hoffstein [12]
predicted the same values of ¢, via a different approach using multiple Dirichlet series.
Despite the differences between these approaches, all the conjectures agree.

The recipe arrives at the conjecture by using the approximate functional equation and
then predicting that certain “off-diagonal” terms cancel in the evaluation of the moment.
However, it does not indicate how these terms cancel or combine. In a recent series of
papers [7, 8, 9, 10, 11], Keating and the second author address this problem by revisiting
the now conventional approach of using Dirichlet polynomial approximations to ¢*(s) and
examining correlations of divisor sums. This approach, which relies on the delta method
of Duke, Friedlander, and Iwaniec [13], was previously employed by Gonek and the second
author [6] to conjecture the values of ¢3 and ¢4 from a number theoretic perspective. The
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principal result of [11] is a new heuristic method that indicates how divisor sums may be
combined to recover the prediction of the recipe. This new heuristic is inspired by ideas of
Bogomolny and Keating [1, 2|, and is reminiscent of the Hardy-Littlewood circle method.

In this paper, we refine the approach of [11] by using an integral form of the asymptotic
formula for correlations of divisor sums that is predicted by the delta method. Through
this and a generalization of the local calculations in [11], we predict that combining the
divisor sums in the same way as in [11] leads to a certain “Vandermonde integral” expression
(Conjecture 1.2 below). Evaluating this Vandermonde integral then immediately gives the
sum of the ¢-swap terms from the recipe prediction (Conjecture 1.3 below), and thus removes
the need to examine all possible decompositions of A and B as in Section 12 of [11].

We are interested in the shifted moments

1 2T
T/ [T¢G+a+it) []¢G+8—it)dt,
T aeca BeB

where T is a parameter tending to co and A and B are finite multisets of complex numbers
that have small moduli (say < 1/logT). We study these moments by examining their
Dirichlet polynomial approximations

0 Mt [ (1) B () S (1

n=1 n:2

where X is another parameter tending to oo, 1 is a smooth, nonnegative function that is
supported on [1, 2], say, and T is a smooth, nonnegative function that is supported on [0, 1],
say, and satisfies T(0) > 0. Here, the coefficients 74 are defined for finite multisets A by

(12) RRCILEESY § FEPREY

m
m=1 acA

for all s such that the left-hand side converges, where the product on the right-hand side
is over all & € A, counted with multiplicity. The recipe of [4] leads to the prediction (see
Section 2)

Map(T.X)~ (27%)2/() /(E)T(S)T(n)Xﬁ“’% /Oooiﬂ (%)

UCAVCB
U=V

X Hx(%—l—ﬁ—l—a—%it)Hx(%—l—n%—ﬁ—it)

acU BeVv

- TA)eu(Vy)- (M) T(B V), u(Ue) - (R)

(1.3) .

dg dn,

n=1

where ¢ > 0 is an arbitrarily small constant, T denotes the Mellin transform of T, x is
the factor from the functional equation ((s) = x(s){(1 — s), and the n-sum should be
interpreted as its analytic continuation. Here, we use the notations A, .= {a+s: a € A}
and A~ = {—a : a € A} for a multiset A and a complex number s. Notice that if
\U| = |V| = £, then we are exchanging ¢ elements from A¢ with ¢ elements from (B,)” in
forming the sets (A~ U): U (V,)~ and (B \ V), U (Ug)~. Thus, we may refer to the terms
with |U| = |V| = £ in (1.3) as the “l-swap terms.”
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Our goal is to understand how and what properties of divisor sums might lead to (1.3).
We let £ be a fixed integer with 1 < ¢ < min{|A|, |B|}, and partition A into ¢ nonempty sets
A=A U---UA, and similarly write B = B; U ---U B,. We may then express 74 and 75
as the Dirichlet convolutions 74 = 74, * - -+ * 74, and 73 = 7p, * - - - * 7g,, and deduce from
(1.1) that

Mup(T, X) = 1 /Ooo¢ (i) - Z Ta,(ma) - 'TAe(mE')TBl (ny) - 'ITQZ(W)

T T (ml...me)%+lt(n1..‘ne)§_7't

my<oo
1<ny,...,np<0c0

(1.4) T (ml — m‘) T ("1 = ”Z) dt.

The basic idea behind the approach in [11] is to sum over the m;,n; with m;/n; close to
the “rational direction” M;/N; and consider all possible directions subject to the natural
conditions (M, N;) = 1 and M;--- My, = Ny---Ny. A key step in the approach is to use
the delta method of [13] to evaluate each m;,n;-sum, and then combine the results. Our
starting point is the sum

SE::(E})Q PO ) ()

Ny h1 ..... he€Z
(M N) 1 v g0

Z TA, (ml) ) (mf)TBl (nl) “ 1B, (nf)

(ml e me)%'i'it(nl .. ne)%_it

(1.5) < T (W) T (%) dt.

We also define

= iy />/< X&nl/ ()Z e de.

We expect the following.

Conjecture 1.1. If o, f < 1/logT for each o € A and € B, then as T — oo we have
min{|Al,| B[}

Mup(T X))~ D S

One way to view this paper is that it gives evidence for this conjecture, as we predict (in
Conjecture 1.3 below) that S, is essentially the sum of the ¢-swap terms from (1.3). Towards
this, we use an integral form of the asymptotic formula for correlations of divisor sums that is
predicted by the delta method (see (3.3) below) and rigorous evaluations of the local factors
of an Euler product (Theorem 4.4 below) to predict the following “Vandermonde integral”
expression for S,.

Conjecture 1.2. Let ¢ be an integer with 1 < ¢ < min{|A|, |B|}. Ifa, B < 1/logT for each
ae A andﬁeB then as T — oo we have

XW t 1
Se E' 271'1 [25 /25 T /0 w <T> (27-”')% lezf - fzdza
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X %wu:a . j{wdza]f[l {X(% +E&—zj+it)x(3+n—w; — zt)}

< [[ca+a+p+e+n) [] cO+atz) [ ca+8+uw;)
= £ 25
< [T W00 +a+é+n—w) [] 1/OO+8+E+n-2)

1<5<e 1<5<e
acA peB

< ] /00 =2+2z) [] (1/Q0 —wi +w)
1<i,j<¢e 1<i,5<¢0
i#] i#]
x ] ¢O+z+w;—&=n)¢(1 -2 —w; + & +n)
1<i,j<¢0

(1.6) X A(A, B, Z,W,§ +n) dwy- - - dwy dzg - - - dzy d€ dn,

where Z :={z1,...,ze}, W :={wn,...,we}, and A(A, B, Z,W,£+n) is an Euler product that
converges absolutely whenever Re(§) = Re(n) = 2¢ and |Re(v)| < € for ally € AUBUZUW.
Ezplicitly, A is defined by (5.4) below.

After discovering this Vandermonde integral expression through a rough “back-of-the-
envelope” calculation, the second author informed Brad Rodgers of it in the summer of 2019.
Rodgers responded that he and Kannan Soundararajan had previously found an analogous
expression for moments of characteristic polynomials of random matrices. They had proved
that if U(NV) is the group of N x N unitary matrices, then integrating with respect to the
Haar measure gives [21]

min{|A|,| B[}

/ H det (1 — e_o‘g) H det (1 — e_ﬁg_l) dg = Z Jf’B,
U(N)

acA BeEB =0

where, for positive integers ¢, Jf B is defined by

YR T R O LS
¢ '_(5!)2(27&)2@Jrl 1— ¢

[€1=1 [21]|="=]|ze|=¢
lw1|=--=|we|=¢

Z(A,B)Z(A, Z7)Z(B,W")
Z(A,We)2(B, Z)
X dwy -+ - dwy dzg- - - dzy dE,

A Z)Af(W)Z(W, Z¢ )2

and Ji is defined by J"? := Z(A, B), with

and
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for finite multisets C', D of complex numbers. It is quite remarkable that these two analogous
Vandermonde integral expressions were discovered independently at about the same time
through different approaches. In hindsight, it is straightforward to show that the sum of the
(-swap terms from (1.3) equals the right-hand side of (1.6) once one has already seen the
right-hand side of (1.6) and knows what to aim for. We do this calculation at the end of
Section 5 and arrive at the following prediction.

Conjecture 1.3. Let ¢ be an integer with 1 < ¢ < min{|A|, |B|}. Ifa, 8 < 1/logT for each
a € Aand € B, then as T — oo we have

S~ 3 G /(E)T@)T(n)X?" [ (3)

UCAVCB
Ul=|VI=¢
X Hx(%+£+a+it) Hx(%—l—n—i—ﬁ—z’t)
aclU BeV

= T(A\U)gU(Vn)_ (n>T(B\V)nU(U£)_ (n)
<2 .

de dn.

n=1

Note that the right-hand side is exactly the sum of the ¢-swap terms from (1.3). Thus,
the recipe prediction (1.3) and Conjecture 1.3 lead us to believe Conjecture 1.1.

In an AIM Workshop in 2016, Trevor Wooley suggested that the heuristic developed by
Keating and the second author [8, 10, 11] has an interpretation in terms of the counting of
rational points in algebraic varieties that is the subject of Manin’s arithmetic stratification
conjectures [3, 14, 18]. Thus, we suspect that the sums (1.5) and Conjecture 1.1 present a
stratification of M 4 g(T, X) that has the same interpretation. We may think of the problem
of evaluating (1.4) as involving counting solutions (weighted by divisor functions) in the
variety

ml...me_nl...nzzh’ |h|§H

for some parameter H. In making the definition (1.5), we are essentially stratifying this
variety into the subvarieties

m1N1 — ’I’L1M1 = hl
m2N2 — n2M2 = hg

meNy — ngMy = Iy

with |hihg -+ - he| < H. Thus, as suggested by Wooley, our approach is analogous to counting
rational points on high dimensional varieties by stratification and counting points on sub-
varieties. Note that this stratification introduces some overcounting of solutions. However,
we believe that the factor 1/(¢!)? in the definition (1.5) accounts for this overcounting. This
factor may be explained intuitively by an argument similar to the one in Section 12.2 of [11].

As mentioned earlier, we improve the method in [11] by using the integral form (3.3) of
the prediction of the delta method. A key observation in our refinement is that the functions
GE(s,q), defined by (3.4), that appear in the prediction of the delta method are closely
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related to the coefficients I p(m) in the Dirichlet series expansion

(1.7) (Re(s) — o0)

[LecCls+7) S Iep(m)
(s+0) 2

H66D<8+5 ms

m=1

(see Lemma 4.3 below). Thus, we are able to adapt the local calculations in [11] without much
difficulty, as the coefficients I p(m) exhibit properties similar to those of the coefficients
7 defined by (1.2). Another way we refine the approach of [11] is in making some of
their technical arguments more precise. This includes expressing Fourier transforms of test
functions in terms of the gamma function (Lemma 3.1), as has been done in [15], [16], and
[19].

In future work, we aim to adapt the method to other families of L-functions and make
parts of it more rigorous.

Acknowledgments. We would like to thank Brad Rodgers for useful comments that im-
proved our exposition. The first author is supported by NSF DMS-1854398 FRG, and the
second author is partially supported by a grant from the NSF.

2. DESCENDING THROUGH THE RECIPE

We first review the prediction of the CFKRS recipe. We apply Mellin inversion to deduce
from the definition (1.1) that

1> [t
&+ _
Map(T, X) = (2i)? //(2) mX T/O ¢(T)

x [[¢G+it+&+a) Hg(é—z’t+n+ﬁ)dtdnd§,

acA BeB

where T is the Mellin transform of T, which is defined by

T(s) := /OOO T(2)z*" da.

We move the lines of integration to Re(§) = ¢ and Re(n) = €. There are residues from the
poles at £ = % —a—it,a € Aand n = % — B +1it, 8 € B. These residues are negligible due

to the rapid decay of the Mellin transform T and the fact that ¢ =< T since Y is supported
n [1,2]. We thus arrive at

st g [ Fmoneed [ (1)

x Hg Ltit+&+a) [[CG—it+n+B)dtdydé + Oc(TC),

acA peB

where C' > 0 is arbitrarily large. Applying the recipe in [4] to the t-integral, we conjec-
ture (1.3).
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3. ASCENDING THROUGH CONVOLUTION SUMS: APPLYING THE DELTA METHOD

We apply Mellin inversion and interchange the order of summation to deduce from the
definition (1.5) of Sy that

Se = (e}) Z 2. Gy / o /(2) DR

Ny h1 ..... hy EZ
(M N) 1 Vi hyhe0
A o T
X Z TAl (ml) TAZ (717]‘—527—31 (nl) 71?]@ (ne> w (_ log : ) ds d77,
1<my,...,mp<oo (ml to mg)Q (nl e TL[) 2 LA Y
1<ni,..., Ny <00
m;Nj—n;Mj=h; Vj
where 1) is the Fourier transform defined by
(3.1) () = / W(t)e 2 dt.
Since My --- My, = Ny --- Ny, it follows that
(3.2)
1 1 1
— &+n .. RS . 3tn
S = (g!)Q Z Z 27” / / T m) XS (Ny - Ne)2 ™ (My - - My)?
--Nyg hi,..., hy EZ
(M N) 1 Vi hyhe0
. e /T Ny ---msN
% Z 74, (M1) TA[(?j_eg)TBl (n1)--- 75, (nfin@/) (2_ log mlMl me;\/{z) de dn.
L <rmy g <00 (myNy - -mgNg)2ts(ng My -+ - ng M)z m nyMy - - -nplVy

I_Snl ,,,,, N p<00
ijj _anj:hj Vj

Now the delta method in [13] predicts for a suitable function f that

ZZ Ta(m ) f(mN,nM)

1<m,n<co
mN—nM h

~ 271'@ fl fl N1+2M1+1UHC1+Z+a)H<(1+w+ﬂ)

acA peB
cg(h)(q, N)'"™** (g, M) ( q ) ( q )
X Gall+ z, Gepll4+w, ———
; gt ! (¢.N)) 7" (q, M)
(3.3) X / *(x — h)f(z,z — h)dedwdz,

where

§ 627Tian/q

a mod ¢

(a,q9)=1
is the Ramanujan sum and G is defined for finite multisets E of complex numbers by

(3.4) Ge(s,q) = Z uq(sc(ic)i;is Mif)gE <S, %) ;
dlq eld
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with gg(s,n) defined by

o0 Te(p™ ordy(n)
(35 ge(sm) = [T { [T0- p—H)} S )

ms
p‘n yeEE m=0 p

For details on how to derive this prediction, see Section 1 of [6]. Forms of this prediction
are stated in Section 3 of [9], equation (4) of [10], and Section 6 of [11]. We may put these
forms into (3.3) by interpreting them as a sum of residues and writing the sum of residues as
a contour integral. The left-hand side of (3.3) may be called a correlation of divisor-sums.
(In the case M = N = 1, some authors call it a “shifted convolution sum.”)

We apply the prediction (3.3) to each mj, nj-sum in (3.2) by taking in (3.3) A = Aj,
B = Bj,m=mj,n=mn;, M =M;, N=Nj;, and

f(mN,nM) = f(mqiNy,n1My;maNa, noMa; .. .; meNg, ngMy)

) Ny ---m,N.
:(mlNl'"m€N€)7§7£<n1Ml"'n5Mg> 1 n¢< m1 1My g).

27 n1M1 cee ngMg
We also assume an independence hypothesis in the sense that any error terms implied in the

conjecture (3.3) do not contribute to the main term in the resulting expression for Sy. This
leads us to predict that

1 1
~ X£+n Ny---Np)zte
St (Z!) Z Z 27rz /(2) /(2 ( )

<Ny h,..., h[EZ
(M N) 1v] hy--he£0

1 e o0 ~ T xl...xe
X(Ml---Me)2+”/ / w( log )
max{0,h1} maX{O he} 2m ( Ty — h1) T (ﬂfe - he)

14 2 —&+z j_hj),%,wrw
1
XH 2m 7%; ]{14 N1+ZM1+“’ ag.g( +z+a)
M 14w
<[ cvws Y MO G (0
BEB; g=1 (g, N;)
(3.6) x Gp, (1+w, v ;1\4)) dwdz}dxl--- da, d dn.
) I

We let €; = sgn(h;) and relabel h; as €;h;, where now h; is positive. Then, we make the
change of variables x; — h;y; for each j to see that (3.6) implies

(3.7)

1 )
Sp~—— / / () XE(Ny - - - Np)2 e
E My 2 2 h< @) Jiy Joo ‘

«-My=N1--Ny e1,...,ep€{1,—1} 1<hy,...,
(MjJVj) 1Vj

1 o o0 ~ (T e
x(Ml---M@)ﬁ"/ / w(—log Y- Ye )
max{0,e1 } max{0,e¢} 2w (yl - El) t (Z/e - 68)

4 E+z— n—l—w 2 —&+ 1l qw
h; (g =)
1
Hl{ 2mi)? 7|§| fw NHZMH“J [[ ¢tz

CMGAJ'
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« H Q(l—l—w—kﬂ)icq(h])(q’ NJ) (an)H_wGAj (1+Z, - q >

q2+z+w
BeB; q=1

X G, (1—|—w, >> dwdz}dy1‘~dygd§dn.

_a
(Q7 Mj

We next insert the identity

q
culh) =Y dii (4)
for the Ramanujan sum, and then relabel h; as h;d and ¢ as ¢d to find that (3.7) implies

1 1
Sy~ / / X§+n(N ___N)5+§
¢ (£1)2 My Z 27TZ 2) ! ¢

«-My=N1---Ny e1,..., 6[6{1
(Mj,Nj) 1Vj

1 o0 o0 ~ (T
x(Ml---Mg)ﬁ"/ / w(—log Y- Ye )
max{0,e1} max{O e} 2m (1 —e1) - (ye — €)

é ~lontw
j y] —¢) 27"
{ 27i)?2 j{| fw N1+2M1+w (E+n—2—w)

X H (14 z+ ) H C(I4+w+p) Zd1+£+n

a€A; BEB;

,U C]d N 1+z(qd M)1+w (]d
x Z e Ga (147 (qd, ;)

qd
Gg. (1 ——— | dwdz p dy; - -+ dy,dé d
X B] ( +w7 (qd, Mj)) w Z} 3/1 3/2 f TI

because
S R = (4 - 2 —w)
1<hj<oco
for each j.

We next move the &- and n-lines to Re(€) = 2¢ and Re(n) = 2e. Doing so traverses the
poles of the factors (({ + 17 — z — w). However, we expect the residues of the integrand at
these poles to be negligible because of the presence of the factor x(1+ z +w — & —n) in the
consequence (3.9) of Lemma 3.1 below. This factor is zero at the pole of (({ +n — z — w).
We then insert the definition (3.1) of ¢ and interchange the order of summation to arrive at
the prediction

S~ fo, [ T [ (F) e b

—L4e—z; —L4n—w;
St B [ {ctc 15— a3
lwi|=e [wel= 5M1

Nz]l
)1VJ
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0 it
. — € 1 2 1 )
X Z/ (‘% ]> e [ C 2+ a)
e=+1 max{0,¢; } Yj

OLGAJ‘
= u(q)(qd, N;) 25 (qd, M)+
X H C 1+ wj + B Z d1+§+n Z 2+z]+w]
BeB;
(3.8) ¥ G (1+z ad )G <1—i—w qd )dy dw; dz; S de dn
: A; ; B; , j dw; dzj :
7" (qd, Ny) 7 qd, My)) T

We may now evaluate each y;-integral through the following lemma.

Lemma 3.1. If a,b are complex numbers with 0 < Re(a), Re(b) < 3, then

> /Oo YNy — e dy

e—+1 max{0,e}
1 + tan(Za) tan(5b)
= o+ (1 = a1 - o) (BN

where x(s) is the factor in the functional equation ((s) = x(s)((1 — s).
Proof. For brevity, define Z(a,b) by

Z(a,b) := Z /OO Yy — €)' dy.

e—+1 max{0,e}

9

We have
Z(a,b) = B(a,1 —a—b)+ B(b,1 —a —b),
where B(+,-) is the beta function. Writing the beta function in terms of the gamma function,
we deduce that
T(a,b) = (F(I;(i)b) + F(z@a))m —a—b).
Since I'(s)['(1 — s) = 7/ sin(ws), it follows that

(1 1 (1 —a—b)
L(a,b) = (sinwa T n Wb) I'(1-a)l'(1-0)

Now the identity sin A + sin B = 2sin(4 + £) cos(4 — £) implies
21

L1 2sin(5(a b)) cos(5(a—b)

sina N sinwh sin(ma) sin(mb)

Thus
x(a+ b) cos(5(a — b))
20+b=17a+b=21"(1 — q)I'(1 — b) sin(wa) sin(wb)’
where we have also used the definition x(s) = 257 'sin(5s)I'(1 — s). The double-angle
formulae then imply that

Z(a,b) =

Z(a,b) =
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The lemma now follows from this, the identity x(s)x(1 — s) = 1, and the fact that
cos(5(a — b))
cos(Fa) cos(5b)

= 1 +tan(5a) tan(3b).

O
If Re(§) = Re(n) = 2¢, |zj| |wj| = €, and ¢ is real, then it follows from Lemma 3.1 with
a:%—f—I—z] ztandb— —n +w; + it that
00 it
Yi — €5 *1*54*2]' Ll ws
Z/ (j j) Yj ® (y; — &) 2" dy;
Ej::tl max{O,ej} y]

= X(1+ 2 +w; — & —nx(5 +& =z +at)x(5 +n—w; —it)
y <1+tan(§(% — &+ 2z —at)) tan(E (3 — n + w; +7;t))>

(3.9)

If it also holds that 7' < ¢ < 2T and |[Im(&)|, |T
tan(Z(3 — & + z; — it)) tan(3 (3 —

From this, the functional equation
CE€+n—z—wx(1+z +w;—&—n) =1 +2z+w —§—n),

and (3.8), we arrive at the prediction

X5+’7 t 1
St K' 27TZ /25) /(25 T /0 v (?) (2mi)% %’Jl|5 . “?{ma

7{| f| Z H{ C(L+ 2 +w; — &= n)x(5 +E&— 2 +it)
'LUI—E wg—aMl

Ny j=1
(MN IV]

xx(3+n—w;—it) [ CO+2+a) [] ¢ +w,;+8)

a€A; BeB;

« N 1ie- zJM Ln- w]Z Z,U qd N>1+21(qd M)l—l—wy
d1+£+n

q2+zJ +w;

m(n)| < T/2, say, then
n+w;+it)) =1+ O(e_T/4).

qd qd
(3.10) X Gy, (1 + 25, (qd, Nj)) G, <1 + wj, (ad. Mj)> dw dz]} dé dn.

4. LOCAL CALCULATIONS

Our next task is to evaluate the sum over the M;, N; in (3.10). By multiplicativity, we
may formally write this sum as an Euler product; see (5.1) below. Our main result for this
section (Theorem 4.4) is an expression for the local factor of this Euler product in terms
of the coefficients I¢ p(m), which are defined by (1.7) for finite multisets C, D of complex
numbers. We first prove some basic properties of these coefficients.

Lemma 4.1. Let C and D be finite multisets of complex numbers, let s be a complex number,
and let p be a prime.
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(i) If m is a positive integer, then
m~*lc,p(m) = Ic,.p,(m),
where, for every multiset E, Es denotes the multiset {y+ s:~vy € E}.
(ii) If r is a nonnegative integer, then
Tougsy,n(P") = Iop(0") + p*Teugs.o(P7),

where the last term is to be interpreted as 0 if r = 0.
(i) If R and M are nonnegative integers, then

R
Z Iep(p™™) = Iougyo (™) = Icuior.o (M),
r=0

where the last term is to be interpreted as 0 if M = 0.
(iv) We have

1

o) ~ . 1 —1
> o) = (1 - —) 11 (1 - Tﬂ)
=0 p p

yeC

whenever the left-hand side converges absolutely.

Proof. 1f C' = {~,...,w} and D = {d;,...,d,}, then the definition (1.7) implies

(4.1) Iep(m)= 30 w7y p(n)ng® - alngn

mi--mpni---ng=m

and (i) immediately follows.
To prove (ii), use (4.1) to write
(4.2)

[CU{S},D (p’“) — Z pfuspfmrn . ,pfmh'yh,u(pm)pfnlgl L ,Lb(pn‘)p*”‘f‘sl,
vAmitmp i+ ng=r

where v and the m,;’s and n;’s run through nonnegative integers. By (4.1), we see that
Icp(p") equals the sum of the terms on the right-hand side of (4.2) that have v = 0, while
the sum of the terms with v > 1 equals p~*Icygq,p(p""). This proves (ii).

Next, to show (iii), we take s = 0 in (ii) to deduce that

+M r—i—M—l).

Iop(p™™) = Iougoyp(pP"™) — Icugoy.n(p

Summing both sides from r = 0 to r = R gives (iii).
Finally, (iv) follows immediately from the definition (1.7) and the Euler product expansion

of zeta.
O

We next prove a generalization of Lemma 2 of [11]. To state it, we define
1
Y(A, B, z,w, M, N;p) := Z (—1)"Taqsy <pj+q+d—min{q+d,N}>

% -[B,{fw} <pk+q+d—min{q+d,M}>

(43) > pfdfj(lJrz)fk(ler)fq(2+z+w)+min{q+d,N}(1+z)+min{q+d,M}(1+w) .
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Lemma 4.2. Let € > 0 be arbitrarily small, and let p be a prime. Suppose that A and B are
finite multisets of complex numbers and z and w are complex numbers such that | Re(y)| < e
for ally € AUBU{z,w}. If M and N are nonnegative integers such that min{M, N} =0,
then

1 TAsgu) (== IBoiet (o
%(A, B, z,w, M, N;p) = p""+z (1_p1+w+z>z Aufuh {2 (P ;TBU{}{ } (P
r=0

Proof. First, observe that (4.1) and the divisor bound imply that if the elements of C' and
D each have real part > —c, then

(44) IC,D(m) L. m te

for arbitarily small € > 0. From this and the assumption that |Re(y)| < € for all v €
AU BU{z,w}, we deduce the absolute convergence of the right-hand side of (4.3). Thus,
the sum X(A, B, z,w, M, N;p) is well-defined.

To prove Lemma 4.2, we may assume without loss of generality that N = 0, since the case
with M = 0 will follow by symmetry. If N =0, then the definition (4.3) specializes to

r+N)

o olNe ol o}

Y(A, B, z,w, M,0;p) ZZZ )7L 4 4oy (PP TT) Ip oy (pF T min{atd MY
q=0 d=0 j7=0 k=0

X p —d—j(142)—k(14+w)—q (2+z+w)+min{q+d,M}(1+w)‘
Split this into
(4.5) Y(A, B, z,w,M,0;p) =% + X7,

where Y7 is the sum of the terms with d < M, and X" is the sum of the terms with d > M.

We first evaluate ¥~. If d < M and ¢ € {0,1}, then ¢ + d — min{g + d, M} = 0 and
d+q(2+ z+w) —min{g + d, M}(1 + w) = —dw + q(1 + z). We use these and then carry
out the summation over ¢ to write

=Y YOS L (0T g gy (pF)p I AR e

d<M j=0 k=0
_ Z Z Z a (pj—&-l-&-d)[B’{iw}(pk>p—(j+1)(1+z)—k:(1+w)+dw.
d<M j=0 k=0
Factor out the k-sum to deduce that

= IB,{w}<p’“)p"““+w>{ DD Lagn (it
k=0

d<M j=0
_ Z Z[A{ A p]+1+d) J+1)(1+z)+dw}
d<M j3=0
The j-sums telescope, while we may evaluate the k-sum using Lemma 4.1(iv). Hence

(DT S

BeB d<M
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From (i) and (iii) of Lemma 4.1, we see that

ZIA{ z} ZIA,U,,{ z— w} )

d<M d<M
= IA,wU{O},{—z—w}(pM71> = p(Mil)wIAU{w},{—z} (™.
Thus

. 1\ iy . L\
(4.6) %= (1 - 2—)) PV LGy 0 1] (1 - W) :

BeEB

Having evaluated 37, we next consider the sum Xt defined in (4.5). If d > M and ¢ > 0,
then min{q + d, M} = M. We use this and then carry out the summation over ¢ to deduce
that

Z Z Z Ly (PP Ip oy (pFHA— M) pdd (e =h(w) £ (L w)

d>M j=0 k=0

_ Z Z Z [A{_Z} (pj+1+d)[B,{—w} <pk+1+dfM)pfd7(j+1)(1+z)7(k+1)(1+w)+M(1+w).

d>M j=0 k=0

We relabel d as d + M to see that

+ :pr Z Z Z ]Ay{_z}(pj+d+M)IBV{_w}(kard)pfdfj(lJrz)fk(ler)
d=0 j=0 k=0
_ pr Z Z Z ]A,{—z}(pj+1+d+M)IB,{—w} (pk—l-l-l—d)p—d—(j+1)(1+z)—(1€+1)(1+w)‘
d=0 j=0 k=0

We add and subtract an extra sum and arrive at
+ :pr Z Z Z ]A’{_Z} (pj+d+M)IB,{—w} (pk—l—d)p—d—j(l—l—z)—k(l—l—w)
d=0 j=0 k=0
_ pr Z Z Z IA,{fz}(pj+1+d+M)IB7{—w} (pk:-i-d)p—d—(j+1)(1+z)—k(1+w)
d=0 j=0 k=0

Pt Z Z Z Lag-( (P I -y (P ftdy p=d=(H1)(1+2)—k(1+w)

d=0 j=0 k=0

oo o0 X

— pMw Z Z Z IA,{_Z}(pj+1+d+M)IB,{_w}(pk+1+d)p_d_(j+1)(l+z)_(k“)mw)-
d=0 j=0 k=0

We may combine the first two sums on the right-hand side and see that the j-sums telescope
to leave only the j = 0 terms of the first sum. Similarly, we may combine the third and
fourth sums and see that the k-sums telescope to leave only the £ = 0 terms of the third
sum. Therefore

_pr Z Z I4 “ z} [B w) <pk+d)p—d—k:(1+w)
d=0 k=0
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+ pr Z Z Tag o (pj“*d*M)IB,{_w}(pd)p_d_(j“)(”z).

d=0 j=0

In the last sum, relabel j+ 1 as 7 and then add and subtract the j = 0 terms to deduce that
(4.7) A (ZT +35 — 2:?)7

where X7, 37, and X] are defined by

St — Z Z Lagsy(p IB{ w}(pk+d>p7d7k(1+w)’
d=0 k=0

(4.8) v = Z Z ]Ay{_z}(pj—i-d—&-M)IB’{_w} (pd>p—d—j(1+z)’
d=0 j=0

and

(49) 3 = ZIA{ z} ]B{ W}(p )p_d7

respectively.

We next evaluate each of ¥} and ¥J. We first consider . Group together terms that
have the same k + d to write

Ei}— _ ZIB,{—w}(pT)p_T Z ]A,{—z}(pd+M)p_kw-
r=0

k+d=r

In this expression, we have kw = rw — dw = rw — (d + M)w + Mw. Thus

Zl+ _ prw Z[R{—w} (pr)pfr(ler) Z [A,{—z} <pd+M)p(d+M)w.
r=0 k+d=r

By (i) and (iii) of Lemma 4.1, we have
Z IA{ z}( d+M d+M Z IA,w{ L w} d+M)
k+d=r k+d=r
=Is uiopf—e—wt (@) = L ogoy(—omuwp (P 1)
_ p(T+M)w]AU{w},{—z} (pT'+M) . p(Mil)wIAU{w},{—z} <pM71)_

Hence
1 - Z Ip A= w} IAU{“’} {=2} (pH_M)p_T - p_wIAU{w}v{*z} (pM_l) Z IB,{*w} (pr)p_r(1+w)-

From this and Lemma 4.1(iv), it follows that

uf —ZIB{ —oy (D) Lasguy -y (0T

wf 1 . Ly
(4.10) —p (1 — 5) [Au{w},{fz}(pM D) H (1 - W) '

peB
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Having evaluated X1, we next turn our attention to the sum ¥ defined by (4.8). Gather
terms with the same j + d to write

2% —Z[A{ APy e 0

Jjt+d=r

In this sum, we have jz = rz — dz. Thus
S5 = Iaa@™Mp Y Iy (0"p™
r=0 jt+d=r

From (i) and (iii) of Lemma 4.1, we see that

Y Iy @ = D In_gcu-s(0") = In_opico-(07) = P Ipugpf—u ()
j+d=r Jtd=r

Thus

(4.11) 23_21,4{ A0 o oy (P )P

Combining now (4.7), (4.9), (4.10), and (4.11), we arrive at

ey 1 . A
E+ = — p(M 1 (]— - ]_9) ]AU{w},{7Z}(pM 1) H (1 - p1+w+ﬁ)

BeB

pM ZIAu{w}{ 3 gy (P )p "‘prZIA{ 30 oy -y (P
r=0 r=0

MwZIA{ a0V sy ()P

From this, (4.5), and (4.6), we arrive at

Y(A, B, z,w, M,0;p) ZIAU{w}{ A(p +M)[B,{—w}<pr)p7r

(4.12) Z]A{ 2 (p IBu{z}{ w} (D) ZIA{ 2(p IB{ wp(P")p™"

To write this in a more concise form, we apply the trick on page 746 of [9], as follows. By
Lemma 4.1(ii), it holds that

Lasuy -2y (0 ) Iy (P7) + La oy (0" ) 0y (—y (07) = Lagoay (07 Iy (07)
= (a1 + ag)by + a1(by + bs) — aqby,
where
a; = Iy (p+M)
as = ™" Lasguy (= (07)
b1 = Ip {—w}(p")

by = p “Ipugay—w} (P,
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Cancel the term —a;by, then add and subtract asbs to deduce that

Laoqur -y (0" gy (07) + Loy (0" ) Ipuey -y (P7) = Tagoy (0 I oy (07)

= (a1 + ag)by + arby + asby — asbs

= (CL1 + a2)(61 + bg) — ang.
From this, the definitions of ay, as, by, be, and Lemma 4.1(ii), we arrive at

Laoguy (- 0" ) B~y (") + Lag—y (0" Uy 1wy ( ) Lag—y (0 ™) gy (p7)

= Lisguy -y (0T ) Ipuiy i—wy (07) — 27 " Lavquy (-3 (0T D 0y (0771).
This and (4.12) imply

Y(A, B, z,w, M,0;p) =pM Z[Au{w}{ A +M)[Bu{z},{—w}(pr)274

ppT Z Lavguy -y (0 D oty (07 P

The r = 0 term of the last sum is zero by the convention mentioned in Lemma 4.1(ii). Hence,
we may relabel » — 1 in this last sum as r to deduce that

1 - .
(4.13) %(A, B, z,w, M,0;p) = p™* (1 - W) > Laotuy - 0™ Uty oy (00
r=0

This proves Lemma 4.2 with the additional assumption that N = 0. Now the definition (4.3)
of ¥ implies that

(A, B,z,w,M,N;p) =%(B,A,w,z, N, M;p).
It follows from this and (4.13) that

E(A7B7Z7w707N7p) = Z(B7A7w’ Z7N’O;p)

z 1 S T T —-Tr
=p" <1 - W) > Lasuni— () o i—uy (07 )P
r=0

This proves Lemma 4.2 with the additional assumption that M = 0. Since min{M, N} =0
means either M = 0 or N = 0, the proof of Lemma 4.2 is complete. U

In order to use Lemma 4.2 to evaluate the sum in (3.10), we need to relate the function
G, defined by (3.4), with the function I, which is defined by (1.7).

Lemma 4.3. Let p be a prime, and let r be a nonnegative integer. Suppose that E is a finite
multiset of complex numbers and s is a complex number such that Re(s + ) > 0 for every
v e E. Then

D ey N L (07
(4.14) Gi(s,p") i (1-p 7)ZT-
yeE 7=0

Furthermore, we have
(415) GE(SapT> <<|E|,E pr(c—i—a)
for arbitrarily small €, where ¢ = —min({1 — Re(s)} U{Re(y) : v € E}).
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Proof. The assumption Re(s + ) > 0 and the bound (4.4) imply the absolute convergence
of both the right-hand side of (4.14) and the definition (3.5) of gg(s,p") (note that the
analogue of (4.4) also holds for 75 since g = Iy, where ) is the empty set). If = 0, then
the definition (3.4) implies Gg(s,1) = 1, while the right-hand side of (4.14) also equals 1

because
 Ip -y (") ( 1) ( 1 )_1
_— = |1- - 1—
Z p]S D H ps-i-’y

j=0 yeE

by the definition (1.7) and the Euler product expression for zeta. Thus (4.14) holds for r = 0.
Now suppose that » > 1. The definition (3.4) of Gg(s,p") implies that

(4.16) Gr(s,p') = (p £ 1) gu(s,p") — (pp_s 1) ge(s,p"").

The definition (3.5) implies that

o) = {1 (1 45) | 5 2

yeE m=0

for j > 1. Note that this also holds for 7 = 0 since the definition (1.2) and the Euler product
expression for zeta imply that

[e) —1
ST (i-5)
m=0 yeEE p

It follows from these and (4.16) that

N )WM

pms

1(1-
)g( ) 3o

" :

s

Now (4.1), which also holds for 75 since 75 = Iy, implies

s+'y

TE(pm—l-r) o ps—lTE(p

The identity (4.14) follows from this and (4.17).
The bound (4.15) follows from (4.14) and (4.4).

m—i—r—l) ( m+r>

=Ig {1-s3\DP

O

We now prove the main result of this section. Recall the notations Es :== {y+s:v € E}
and £~ := {—v : v € E} that were stated below (1.3).

Theorem 4.4. Suppose that € is a positive integer, &, n are complex numbers, and A, B, Z, W
are finite multisets of complex numbers with Z = {z1,..., 2z} and W = {wy,...,we}. Let
A=A U---UAy and B = By U ---U By be partitions of A and B, respectively. Let
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e > 0 be arbitrarily small, and suppose that Re(§) = Re(n) = 2¢ and |Re(y)| < € for all
yeAUBUZUW. Then

14

Z H {pNj(—éJrf—Zj)Jer(—§+’i—wg')

Mi+-+My=N1+---+Ng j=1
min{M;,N;}=0 Vj

o) 1
X
d=0 gq=

X Gy, (l + zj, pq+d—min{q+d,Nj}> G, (1 + wj’pq-Fd—min{q_t,_d’Mj}) }

- T T lFw,+z—E— T 4zt T ltw+B
p p o ! a€A; p ’ BeEB; p ’

j=1

(_1)qpmin{q+d7Nj}(1+Zj)+min{q+d7Mj}(1+wj)—q(2+2j Fwj)—d(1+£+n)
0

X i [A§+71UW’(Z_)£+W (pm)[BUZ—E—mW_ (pm)
m=0 pm .

Proof. For brevity, let LHS denote the left-hand side of the conclusion of Theorem 4.4. We
apply Lemma 4.3 and deduce that

¢
LHS = 3 I1 {pNj<—5+s—zj>+Mj<—;+n—w]->

Mi+-+Mg=Ni+--+Ng j=1
min{M]-,N]-}:() VJ

(=) I () 11 ()

OéEAj BGB]'

00 1 oo 00
X Z Z Z Z(_l)qIAj,{fz]‘} (pl+q+d*m1n{Q+d,Nj})[Bj7{7wj} <pk+q+d7m1n{q+d,Mj})

d=0 ¢=0 i=0 k=0
xXp

The d,q, 1, k-sum equals X((A;)ety, Bj, zj —& —n,w;, M;, Nj;p) by (4.3) and Lemma 4.1(i).
Thus Lemma 4.2 gives

LHS = Z H {pN.a'(—%—n)Jer(—é%-n)

Mi+-+My=Ni+-+Ng j=1
min{M;,N;}=0 Vj

2 B ! - R
A7) U 11 ~ pitute [l - prts

OLGA]‘ 5€Bj

% io: L(4)e g0t} {=2+E4n) (M M B,Ugz;—e—n}f—w;} (prtii)
r=0 pT
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We rearrange the factors and use the fact that My +--- 4+ My, = Ny + --- 4+ N, to arrive at

LHS= (1 NT 1 —1 1 —1 1 —1
= — I—) ];[ - p1+wj+zj7£777 H - p1+zj+a B]éIB] B p1+wj+ﬁ

j=1 a€A;

X Z ﬁ {p—éNj—éMj

Mi+-+Mp=Ny1+--+Ny j=1
min{M;,N;}=0 Vj

x Z Desntwghi-zrerny (P ) Ip,00—e-n) —wy (P7)
p'f’

To evaluate the sum over the M;, N;, we interchange the order of summation to write it as

[e'e) [e's) J4 s . T )
PR ) 1T () esnws ) d—zs e (P70 B0 —g—ny f—uyy (P T)
ri+iN;+1M; ‘

r1=0 =0 My++Mp=Ni+-+Np j=1 p
min{Mj,Nj}ZO Vj

We make the change of variables m; = M; + r; and n; = N; + r;, and then evaluate the
rj-sums to see that this sum equals

¢ "
Z Z Z H {I(Aj)s+nu{wj},{zj+£+n ( )IB U{ijéfn},{fwj}(P J)}
1
3t amy

r1=0 re=0mi+---+myp=ni+--+ny j=1 p
min{m;,n;}=r; Vj

¢ -
. Z H {I(Aj)§+nu{wj}v{zj+£+77 ( )IB U{Zréfn},{*wj}(p J)}
- 1
3nt3mg

mi+-+me=ni+--+ng j=1 p

= i ]A£+nUWv(Z7)5+n (pm)[BU27€7W7W7 (pm)
m=0 pm
because, by (1.7), L., uw,(z-)e,, 15 the Dirichlet convolution
[A5+nUW7(Z’)§+n = [(A1)5+nU{w1}»{721+£+77} Kok [(Ae)&nU{W},{*ZH&H?}?
and similarly for Ip,z ., w-. O

5. VANDERMONDE INTEGRAL EXPRESSIONS

We now return to the task of evaluating (3.10). By multiplicativity, we may formally
factor the sum on the right-hand side of (3.10) and write the Euler product formula

My M[ Ni--Np j=1
(M;,N;)=1 V¥j

,u qd N 1+2z; (qd M. )1+w]
x Z d1+§+n Z 2+z1+wj

d d
<G (Wﬂ'?@f—m) e (1o i) |
y 4V ) J
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_ H ( Z ﬁ {pNj(—§+5—Zj)+Mj(—§+77—wj)

p Mi+-+My=N1+--+Ng j=1
min{M]-,N]-}ZO Vj

00 1
X
d=0 q=0

(5.1) x G, <1 + 2, pq+d—min{Q+d,Nj}> G, (1 +w;, pq+d—min{q+d,Mj}> })

We may use Theorem 4.4 to evaluate each local factor on the right-hand side of (5.1) and
thus write the Euler product as

[((13) T () T () T (- 50) §

p Jj=1 CMEAJ'

(_ 1)qpmin{q+d,Nj}(1+zj )+min{g+d,M;}(1+w;)—q(2+zj+w;)—d(1+E+n)

X io: Lag w2y, (0" IBUZ_ ) - (P™")
pm '

m=0

From this and (3.10), we arrive at the prediction

X&tn 1
SK E' 27TZ /25) (2¢) T ) /0 w (T) (27Ti)2£ f;1|=£ o szd:a
]{ % { THE—z +it)x(s +n—w; —it)
[w1]=¢ lwel=e 5=

xCl+z+w—&—n) []ca+z+0) [] §(1+wj+ﬂ)}

OZEAJ' ﬁEBj
l
1 1 1
<IN (o= ) - ) 1 - s
p p p
p \j=1 aEA; BeB;

1— =
p p"

By the Euler product expression for zeta, we may write our prediction more concisely as

j{wus %W ﬁ 3 &=z Hitx(5 +n—w - it)}

j:

X H { (1 _ 1) ]A§+nUW(Z )§+n( m>IBUZ7§,n,W7 (™) }
pm

(5.2) X dwyg - - - dwy dzz -+~ dzy d€ dn,

where the latter Euler product is to be interpreted as its analytic continuation.

1 —2¢ o0 I 3 m\ [ (M
5 < ) Z Agn W, (Z )€+n(p >BUZ7€7WW (p )> dwy - - - dwy dzg - - - dzy d€ dn.

m=0
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To evaluate the z;- and wj-integrals, we need to write out this analytic continuation and
determine its poles and residues. The local factor

(1 _ 1) - i Lag,yowyz )¢, ("M BUz (= (P™)

D "

m=0

may be written as a power series in 1/p. The coefficient of 1/p in this power series is

20+ ]A5+”]UW7(27)5+”7 (p)IBuszfan7 (p)’

which, by (4.1), equals
¢ 1
+<Z —a—&§— W+Zp ZPZJ §— n)(zpﬁ+2pzj+£+ﬂ_2pwj>
acA j=1 BeEB j=1 j=1
¢
_ Z prafﬁféfn + Z prafzj _ Z prafﬁfnerj

acA BEB a€A j*l acA j=1

+ Z Zp B—w; + Z Zp zi—w;+E+n Z pIUi_wj

BeB j=1 i=1 j=1 1<itj<t
_ Z Zp—ﬁ—ﬁ—m-zg- _ Z pHTE 4 Z épzﬁ-w]’—f—n.
BEB j=1 1<i£j <t i=1 j=1

Therefore the (analytic continuation of the) Euler product in (5.2) may be written as

[Tcat+a+s+c+n [] cO+a+z) [] ¢cO+8+uw)

fen ey 5
<[] /O +a+e+n—w) [T @/QQ+8+E+n-2)

Sy 55

x T WO -z+2z) [[ /O —wi+w))
1<i,5<¢0 1<i,5<¢0
i£j i#]
x ] ¢O+z+w;—&=n¢(1 -2 —w; + & +n)

1<i,j<¢e
(5.3) x A(A, B, Z,W,€ +n),

where A(A, B, Z, W, £ 4+ n) is an Euler product that converges absolutely whenever Re(§) =
Re(n) = 2¢ and |Re(y)| < e for all y € AUBU Z UW. Explicitly, A is defined by

A(A, B, Z,W,&+n)

_H{(1——)_2£H(1—m) 11 (1_1ﬁ>

acA 1<5<¢e
BeB aEA
-1
1 1
X H 1+,8+w] H - plratétn—w;
1<5<0 1<j<e

peB acA
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-1 1 -1
< [1 ( W) 11 (1—]31%%)

1<5<¢ 1<s,j<¢t
BEB i#]
X H ( 1 wl+w]) H (1_p1+zi+wj—5—n)

1<i,5<¢ 1<4,5<¢

i

1 > Lag owy (2 )ern @) BUz_ W (P™)
(54 < (1) X - ,
1<i,5<¢ m=0

where we recall that /¢ p is defined by (1.7). This leads us to conjecture Conjecture 1.2.

We now evaluate the z;- and w;- integrals in Conjecture 1.2 (or equivalently in (5.2)).
For convenience, we assume that the elements of A are distinct from each other, and the
elements of B are distinct from each other. If Re(§) = Re(n) = 2¢ and |af, |B] < /2 for
all « € A and g € B, then the poles of the integrand displayed in Conjecture 1.2, viewed
as a function of z; (resp. w;), that are enclosed by the circle |z;| = ¢ (resp. |w;| = €) are
at the points z; = —a, where a € A (resp. w; = —f, where § € B). Thus the value
of the z1,...,zs,wq, ..., wp-integral in Conjecture 1.2 equals the sum of the residues of the
integrand at the points

(5.5) (21, .oy 2o, w1,y wp) = (—a, ooy —ayy, =1, - -, —Be),

where ay,...,ap € Aand 5,...,8, € B. If a; = oj for some 7 # j, then the residue is zero
because of the presence of the factor 1/¢(1 — z; + z;) in Conjecture 1.2. Hence the residue is
nonzero only at the points (5.5) such that {ay,...,a,} is an f-element subset U, say, of A,
and {f1,..., 0} is an l-element subset V', say, of B. At such a point, the residue of (5.3)
equals

[[ca+a+s+c+n ] <a+a-a) J[ ca+8-5)

gen sy PeBASY
< [T/ +a+s+n+8) [J1/Q0+B+E+n+a)
o i

x [T Woa+a—-a) [T /00 +8-5)
oz,écEAU ﬂ,BGV
oFd BB

x [[¢ca—a—-p—c—nCl+a+pB+E+n)
Sev

(5.6) x A(A,B,U,V, & +n),

with
A(A,B,U,V, ¢ +1)

I IL(1 ) T (1)

aEA acA,aeU
BeB a#d
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1 1 -
x H (1 B p1+ﬂ—8> H (1 B p1+a+£+n+B)

BEB,BEV BeV

B#B acA
-1 1 -1
<11 ( m) [1 (1 - p1+a_d)
aelU a,aelU
BeB a#d
X 1 _—
11 ( plHi- B) H( pl—d—ﬁ—s—n>
B,8€V aet
BB pev
- T(ANU)g4qUV — (pm)TB\VU(UE_H,)—(pm)
(5.7) x H ( 1+a+ﬁ+£+n> Z pm
aeu m=0
BeV
because
1\ % 1 1
(=) I (=) I (0 W_B)
a€AGeU BEB,BEV
1 1
= 1l (1 - p”ad) 1 (1 - p”ﬂ—ﬁ)
a€A,ael BEB,BEV
ara B#B
and

]A&,,UV*,U&,, (pm)]BU(U*),g,n,V(pm) = T(A\U)EH,UV*(pm)TB\VU(UH,,)*(pm)
by (1.7). We may write this residue more concisely as

H { i T(ANU) g1, UV — (pm)TB\VU(Ug_H,)*(pm) }
pm ’

p m=0

or, similarly,

i T(ANU)g1yUV— (n)TB\VU(U5+7])_ (n)
n

n=1
which we interpret as its analytic continuation, as the reciprocals of the Euler product
expressions for the zeta functions in (5.6) are precisely those found in (5.7). Now for each
pair U,V of sets such that U C A and V C B with |U| = |V| = ¢, the number of points
(5.5) with U = {ay,...,a} and V = {f4,..., B} is (¢1)2. Thus, evaluating the z;- and

wj-integrals in Conjecture 1.2 leads to the prediction

X*H’7 t
Se - 27” /28 /25 T /0 w (?)

UCA VCB

Ul=ivi=¢
x [IxG+é+a+it) [T x(G+n+5—it)
aclU pev

« iTA\U)§+an )TB\Vu(U5+n) ( )dgdn.
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This is the same as Conjecture 1.3 because Lemma 4.1(i) implies

[1]

T(AD)esy v~ (M) TB VLU~ (1) = Ta )0y~ (M) T(B v, uwe) - (1)
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